Abstract In the framework of teleparallel gravity, the FriedmanRobertson-Walker cosmological model with scalar tensor theory where scalar field is non-minimally coupled to both the torsion scalar and boundary term is studied. Utilizing the Noether symmetry approach in such a theory, we obtain the explicit forms of the couplings and potential as a function the scalar field. We present some important cosmological solutions for the modified field equations using these functions getting via the Noether symmetry approach. Finally, the interesting cosmological properties of these solutions are discussed in detail, and it is shown that they can describe a universe lead to the late time accelerating expansion.
Introduction
Currently, one of the great problems of modern cosmology is to understand the late-time accelerated expansion of the universe. The idea of accelerated expansion of the universe has been confirmed by several astrophysical observations such as observations of supernovae Type Ia (SNe Ia) [1] [2] [3] , cosmic microwave background radiation (CMB) [4, 5] , and large-scale structure [6] . Despite all these observations, this cosmological effect is not compatible with the existing equations of the standard Einstein's general theory of relativity. Therefore, the proposed solutions for explain the nature of the late-time accelerated expansion can be categorized into two classes in the literature. The first approach is to add an exotic fluid with a negative-pressure so-called dark energy to the matter part of the Einstein field equations. In this way, various dynamically dark energy models with different kind of scalar fields such as quintessence [7, 8] , phantom [9] , quintom [10] , fermionic fields [11] [12] [13] [14] [15] [16] and vector fields a e-mail: gecimganim@gmail.com b e-mail: ykucukakca@akdeniz.edu.tr [17, 18] have been put forward to explain accelerating expanding of the universe. The second one is to modify the geometric part of the Einstein field equations at high energy levels. Hence the dark energy comes out from these modifications. Such a modifications in the framework of General Relativity (GR) are known f (R) gravity in the metric [19] [20] [21] and Palatini formalism [22] [23] [24] [25] [26] , f (G) gravity [27, 28] and f (R, G) gravity theory [29] [30] [31] [32] [33] where f (R) and f (G) is an arbitrary function of the curvature scalar and GaussBonnet invariant respectively.
The teleparallel Gravity (TG) is an alternative gravitational theory to the GR. Although this theory gives the same field equations of the GR, the geometric formulations of these theories are different. On the one hand, GR is constructed from the curvature defined by the symmetric LeviCivita connection that yields a vanishing torsion. Furthermore, TG considers a nonsymmetric Weitzenböck connection that has no curvature but only torsion. In other words, one can say that GR uses the curvature to geometrize the space-time, meanwhile teleparallel equivalent to GR uses torsion to explain the gravitational effects. It may be noted that in order to define the Weitzenböck connection in TG tetrad fields are used as dynamical objects whereas in order to define the Levi-Civita connection in GR, metric fields are used as dynamical variables. One of the interesting modified gravity model is the f (T ) gravity which is arbitrary function of the torsion scalar T . Many features of f (T ) gravity model have been considered in literature especially that in order to explain accelerated expansion of the universe through torsion [34] [35] [36] [37] [38] . Furthermore, some interesting black holes solutions have been found and studied, for example see [39, 40] .
Of particular interest is gravitational models allowing for nonminimal couplings between the scalar field and gravitational part. For example, one may consider a model of gravity with a non-minimally coupled scalar field to the cur-vature scalar in the form of ξ Rφ 2 where ξ is a coupling constant and R is the Ricci scalar [41, 42] . Such nonminimal couplings in the framework of GR have been studied in different contexts in the literature. It, naturally, appears when quantum corrections are considered and essential for the renormalizability of the scalar field theory in the curved space [43] . Moreover, this coupling has been used to explain both the early time inflation and late time cosmic acceleration of the universe in the metric and Palatini formalism [44] [45] [46] [47] [48] [49] [50] . On the other hand, an alternative gravitational scenario the so-called teleparallel dark energy, has been presented in the framework of TG in Ref. [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] where authors considered the scalar field to be nonminimally coupled to the torsion in the form of ξ T φ 2 . Considering the nonminimal coupling between the scalar field and the torsion scalar opens a new window in analysing the cosmological evolution of the universe. It has been shown that this model has a richer structure, exhibiting quintessence-like or phantom-like behavior, or experiencing the phantom-divide crossing. Other studies for the model discuss parameter fit with cosmological observations [62, 63] , phase-space analysis [64] , Noether symmetry approach [65, 66] , growth of density perturbations [67] , the possibility of singularities [68] and spherically symmetric solutions [69] . We note that there are some interesting models including fermionic and tachyonic field nonminimal coupled to the torsion discussing the cosmic evolution of the universe [14, 16, [70] [71] [72] [73] .
Recently, Bahamonde and Wright [74] proposed a different model in the teleparallel gravity framework by introducing a scalar field non-minimally coupled to the torsion scalar T as well as to the boundary term B, corresponding to the divergence of torsion vector B = 2 e ∂ µ (eT µ ). The model reduce to both nonminimally coupled teleparallel gravity and nonminimally coupled general relativity under certain limits. There it was found that this model generically yields to a late time accelerating attractor solution without requiring any fine tuning of the parameters. It was studied the parameterized post-Newtonian approximation [75] as well as thermodynamics aspects [76] of this model. Using the Noether symmetry technique for this model, new wormhole solutions according to the Morris and Thorne paradigm has been derived [77] . In Ref [78] , the behavior and stability of the scaling solutions are studied for scalar fields endowed with inverse power law potentials and with exponential potentials for this models.
One of the most popular methods of finding the exact solutions to the nonlinear higher-order differential equations is to use the Noether symmetry approach. Noether symmetry is associated with field equations possessing the lagrangian and it guarantees the existence of conserved quantities that allow to reduce dynamics thanks to the presence of cyclic variables [79] [80] [81] [82] . Moreover, the existence of this symmetry leads to a specific form of the unknown functions that appear in the Lagrangian. The method is used to obtain cosmological models in several alternative theory of gravity, for example, scalar tensor theory [83] [84] [85] [86] [87] [88] [89] [90] [91] [92] [93] [94] , f (R) theory [25, 26, [95] [96] [97] [98] [99] [100] [101] [102] , f (T ) theory [103] [104] [105] [106] [107] [108] [109] [110] , the theories of gravity with a fermionic field [13] [14] [15] [16] and others [111] [112] [113] [114] [115] [116] [117] [118] [119] . With the help of Noether symmetry, some cosmological analytical solutions for the scalar tensor TG were obtained in Ref [65, 120] . Having above points in mind, the main goal of this paper is to explore Noether symmetry in scalar tensor theory of gravity in which the scalar field is non-minimally coupled to both torsion scalar and the boundary term. We have determined the interesting physical forms of the coupling functions and potential by existence of Noether symmetry and found exact solutions of the field equations to discuss cosmic evolution of the universe via cosmological parameters. This paper is organized as follows. In Section 2, we give a basic formulation of the scalar tensor teleparallel gravity including a boundary term. In Section 3, we discuss the Noether symmetries of the flat Friedmann-Robertson-Walker spacetime in the context of the considering model. We search the cosmological solutions by using the obtained forms of the coupling functions and potential. Finally, in Section 4, we conclude with a brief summary.
Teleparallel Theory With a Non-minimal Coupling to a Boundary Term
We will now consider the following action which describes a non-minimally coupled scalar field to both torsion scalar and the boundary term [74, 77] 
Here the boundary term is defined in terms of divergence of torsion vector B = 2 e ∂ µ (eT µ ) where e = det(e a µ ) = √ −g is the volume element of the metric, V (φ ) is the scalar field potential and f (φ ) and g(φ ) are the generic functions describing the coupling between the scalar field and torsion scalar and boundary term, respectively. In fact, such a coupling of the scalar field to a torsion scalar and boundary term is not a new idea. For example, one can choose the coupling functions as f (φ )=1 − ξ φ 2 and g(φ ) = χφ 2 where ξ and χ are coupling constants. For χ = 0, one can recover an action named the teleparallel dark energy model in which scalar field coupled to the torsion scalar. For ξ = 0, it may correspond to gravity including boundary term. When one sets ξ = −χ one will recover an action which is scalar field models non-minimally coupled to the Ricci scalar. The minimally coupled quintessence theories arise when we take ξ = χ = 0. Additionally, teleparallel scalar tensor theory without the boundary term can be recovered, if we set g(φ ) = 0 in the action (1). We note that any possible coupling of the scalar field with ordinary matter Lagrangian is disregarded and we use κ 2 = 1.
By varying the above action with respect to the tetrad field, one obtain the following gravitational field equations [74, 77] 
where ✷ = ∇ α ∇ α ; ∇ α is the covariant derivative with respect to the Levi-Civita connection. On the other hand, the variation of the action (1) with respect to the scalar field φ gives rise to the Klein-Gordon equation governing the dynamics of the scalar field
where the prime indicates the derivative with respect to φ . Now, we consider the four-dimensional spatially flat Friedmann Robertson Walker (FRW) space-time with the metric
where a(t) is the scale factor of the universe. The corresponding tetrad components for the FRW metric are e i µ = (1, a(t), a(t), a(t)). With this definition of the tetrad field, the torsion scalar and the boundary term can be expressed in terms of the scale factor and its time derivatives as follows [74, 76, 121] 
where dot denotes differentiation with respect to the time coordinate. Inserting the tetrad components for the flat FRW metric into the action (1) and using the equations (5) we find a point-like Lagrangian as follows,
From the Euler-Lagrange equation for the scale factor a applied to the above Lagrangian, we obtain the following acceleration equation
Here, H =ȧ/a is the Hubble parameter. The modified Friedmann equation is obtained by imposing that the energy function E L associated with the Lagrangian (6) vanishes, i.e.
In the equations (7) and (8), the energy density and the pressure of the scalar field ρ φ and p φ are respectively defined as follow
These two expressions define an effective equation of state parameter ω φ = p φ /ρ φ , which drives the behavior of the cosmological model. Finally, from the Euler-Lagrange equation for the scalar field φ by using the Lagrangian (6), the modified Klein-Gordon equation takes the form
It is clear that to obtain some cosmological solutions to the modified field equations, first of all one has to determines for a form of the potential function V (φ ) and the coupling functions f (φ ) and g(φ ) of the scalar field. In the next section, we will fix this issue by demanding that the point-like Lagrangian of the action (1) satisfies the Noether symmetry condition.
Noether Symmetry Approach and Cosmological Solutions
In theoretical physics, it is important to develop techniques to find the solutions of non-linear equations system. Noether symmetry approach has become an important technique to solve such a system. This approach provides an systematic way to find conserved quantities for a given Lagrangian. At the same time, as a physical criterion, this approach also allows one to select the unknown functions in gravity models. Now, we seek Noether symmetries for the Lagrangian (6). The Noether symmetry generator is a vector field on the tangent space T Q = (a, φ ,ȧ,φ ) defined by
where α and β are both functions of the generalized coordinates a and φ . The Noether symmetry then implies that the Lie derivative of the Lagrangian with respect to this vector field vanishes, that is, L X L = 0, which leads
In general, the Noether symmetry condition leads to an expression of second degree in the velocities (ȧ andφ ) with coefficients being partial derivatives of α and β with respect to the variables a and φ . Thus, the resulting expression is identically equal to zero if and only if these coefficients are zero. This gives us a set of partial differential equations for α and β . For the Lagrangian (6), the Noether symmetry condition (13) yields the following system of partial differential equations
We solve this system of equations to find the values of α, β , f (φ ), g(φ ) and V (φ ). Since the system is difficult to solve, we firstly choose the potential proportional to the square of scalar field and then we use the separation of variables techniques. Therefore, we obtain the non-trivial solution for the above set of differential equations (14)- (17) as the follows
where c 1 , c 2 , α 0 , λ and n are integration constants and n = −3. From the values of symmetry generator coefficients (18), the Noether symmetry generator is given by
For the special case n = −3, the Noether symmetry equations (14)- (17) give the following solutions
with same potential function given by Eq. (20) . In this part we attempt to solve the basic cosmological equations of the scalar tensor teleparallel gravity model with a boundary term analytically. In order to integrate the dynamical systems (7), (8) and (11), we search for a cyclic variable associated with the Noether symmetry generator (21) . So, we introduce two arbitrary functions z and u defined as z = z(a, φ ) and u = u(a, φ ) respectively. The transformed Lagrangian is cyclic in one of the new variables so that the Lagrangian depending on new variables produces a reduced dynamical system which is generally solvable. Utilizing the relations i X dz = 1 and i X du = 0 where i X is the interior product operator of X, we obtain the differential equations
respectively. A general discussion of this issue could be found in [79] [80] [81] [82] . Inserting the values of α and β given by (14) into the equations (24) and (25), we obtain the following solutions
where n = 0. For the case of n = 0, the coupling function f (φ ) is proportional to square of the scalar field and we take c 1 = −1/2, then the coupling function g(φ ) vanishes. Thus the action (1) reduces to the telleparalel dark energy model that is in depth analysed using the Noether symmetry approach in our previous work [65] . Correspondingly, the scale factor and scalar field could be expressed as
Under this transformation, considering the coupling functions (19) and the potential (20) the Lagrangian (6) in terms of new variables takes the suitable form
in which one can easily see that z is a cyclic variable. The new Lagrangian provide the following equations of motion:
where I 0 is a constant of motion. The equation (29) can be easily integrated to give
where b 1 is an arbitrary constant of integration and n = −3. Firstly, we consider the case n = −3. For this case, the Noether symmetry approach yields the coupling functions and potential given by the Eqs. (23) and (20) with the symmetry generator coefficients (22) . Now, we can easily solve Eqs. (29)- (31) for z and u. Utilizing the obtained solution for z and Eq. (27), we find the scale factor as a(t) 3 = a 0 e − I 0 t 2c 1 α 0 + c 2 where a 0 and c 2 are constants being combinations of other constants. This solution for c 2 = 0 gives us the de Sitter Universe. Secondly in general case, by inserting the solution (32) into Eqs. (30) and (31), we obtain the following solution for z,
where b 1 is an another constant of integration, we define ℓ = − I 0 (n+3) 3α 0 c 1 and n = −6 and I 0 = 0. Therefore, the exact solution of the scale factor and scalar field could be given out as below
where we take that b 2 is zero without loss of generality.
It is very difficult to analyze the solution (34) in this form. Hence, we follow the procedure used in Ref. [122, 123] by setting the present time t 0 = 1. (see also detailed this procedure()) We assume first that at t = 0, a(0) = 0 so that we fix the origin of time. This condition gives, with the use of scale factor (34), b 1 = 0 for n > 0 or 8λ n(α 0 c 1 b 1 ) 2 − I 2 0 (n + 6) = 0, b 1 = 0 for n < 0. At this point we restrict to ourselves to the case b 1 = 0 for n > 0. The second condition is to set a 0 ≡ a(t 0 = 1) = 1 which is standard, and finally the Hubble constant are constrained H(t 0 = 1) ≡ H 0 . Because of this choice of time unit, it turns out that our H 0 is not the same as the H 0 that appears in the standard FRW model. By means of these choices, we obtain the scale factor and the Hubble parameter as follows Fig. 1 Plots of the scale factor with respect to cosmic time t for the different value of n. The dashed line is for the value n = 0.0001, the solid line is for the value n = 0.2 and the dot dashed line is for the value n = 0.6. We take H 0 = 1 and
where we define m = n [H 0 (n + 3) + 1] + 6. The deceleration parameter which is defined by q = −ä ȧ a 2 is useful to study current expansion of the universe. So the universe expands in an accelerated behavior for q < 0 while q > 0 means a decelerated expansion of the universe. For our model, this parameter turns out to be
On the other hand, using the energy density (9) and pressure (10) of the scalar field, the equation of state parameter takes the following form in the model
The graphical analysis of the scale factor versus cosmic time t for the different value of n represented in the Figure (1) . As one can see from this figure, the universe describes an expansionary phase with the scale factor a monotonically increasing function of time. The deceleration parameter, depicted in Figure ( 2), indicates the existence of a transition from a decelerating phase to an accelerating one. Figure (3) shows behavior of the equation of state parameter with respect to cosmic time t for the different value of n. From this figure, we observe that crossing of the phantom divide line ω φ = −1 can be realised from the quintessence phase ω φ > −1 to phantom phase ω φ < −1 in our model described by the Noether symmetry solution. We also note that both cosmological parameters go to the value −1 in the large time limit for small values of the parameter n. Fig. 2 Plots of the deceleration parameter with respect to cosmic time t for the different value of n. The dashed line is for the value n = 0.0001, the solid line is for the value n = 0.2 and the dot dashed line is for the value n = 0.6. We take H 0 = 1. 
From these considerations, it is easy to realize that any power law solution can be achieved according to the value of n. For example, a pressureless matter solution is recovered for a(t) ∼ t 2 3 with n = − 3 2 , a radiation solution is for a(t) ∼ t 1 2 with n = −2. The deceleration parameter takes the form as follows
which means that The equation of state parameter become
From Eqs. (42) and (43), if −1 < n < 0, then we have q < 0 and −1 < ω φ < − 1 3 which corresponds to a universe with quintessence phase. So that the universe is both expanding and accelerating in this case. if n < −1, then we obtain q > 0 and ω φ > − 1 3 which corresponds to a universe with decelerating expansion. On the other hand, if n > 0, then we have q < 0 and ω φ < −1 which corresponds to a universe with phantom phase. So that the universe is accelerating but shrinking in this case. We also note that the limit of n → 0 in Eq. (43) corresponds to the limit of ω φ → −1, which is consistent with the Λ CDM. model.
Summary and Conclusion
There exist some methods to investigate the integrability of a dynamical system. In this study, we chose to find Noether symmetries of the point-like Lagrangian of a scalar tensor teleparallel gravity theory to obtain the conserved quantities. For that gravitational Lagrangian, we considered a model including the scalar field which is nonminimal coupled to the torsion and boundary term where the boundary term represents the divergence of the torsion vector. This model is important since it shows some interesting aspects in cosmology and in describing the late time acceleration of the Universe. Furthermore, the model is reduced to the theories such as quintessence, teleparallel dark energy and non-minimally coupled scalar field to the Ricci scalar under the suitable limits.
As above mentioned, the Noether symmetry approach is important because it can be considered as a physically motivated criterion so that such a symmetry are always related to conserved quantities. The existence of Noether symmetry also restricts the forms of the unknown functions in a given Lagrangian (i.e. in particular coupling functions and scalar potential), and allows us to find a transformation given by (27) in which the scale factor and the scalar field are written in terms of new dynamical variables where one of the variables is cyclic. Under these transformations, Lagrangian is reduced to a simpler form. In this study, the equations of motion of the considered model for the FRW space-time background in the form of equations (7)- (11) have obtained. By applying the Noether symmetry approach, we have found the explicit forms of the coupling functions f (φ ) and g(φ ) and potential of the scalar field V (φ ) as Eqs. (19) and (20) respectively. By introducing cyclic variables, we have found some exact cosmological solutions of the corresponding field equations using these forms obtained by the existence of Noether symmetry. The properties of the cosmological parameters relevant to the solutions have been analyzed in detail. The main, and interesting feature of these solutions is that they describe an accelerating expansion of the universe. We have also observed the equation of state parameter shows that crossing of the phantom divided line can be realized (see Fig. (3) ). Therefore, it is important to investigate Noether symmetries of the teleparallel dark energy models with the boundary term to explain the late time acceleration of the universe.
